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We study the quantum phases of mixtures of ultra-old bosoni atoms held in an optial lat-
tie that onnes motion or hopping to one spatial dimension. The phases are found by using
Tomonaga-Luttinger liquid theory as well as the numerial method of time evolving blok deima-
tion (TEBD). We onsider a binary mixture with repulsive intra-speies interations, and either
repulsive or attrative inter-speies interation. For a homogeneous system, we nd paired- and
ounterow-superuid phases at dierent lling and hopping energies. We also predit parameter
regions in whih these types of superuid order oexist with harge density wave order. We show
that the Tomonaga-Luttinger liquid theory and TEBD qualitatively agree on the loation of the
phase boundary to superuidity. We then desribe how these phases are modied and an be de-
teted when an additional harmoni trap is present. In partiular, we show how experimentally
measurable quantities, suh as time-of-ight images and the struture fator, an be used to dis-
tinguish the quantum phases. Finally, we suggest applying a Feshbah ramp to detet the paired
superuid state, and a pi/2 pulse followed by Bragg spetrosopy to detet the ounterow superuid
phase.
I. INTRODUCTION
Bose-Einstein ondensation [1℄ is a fasinating many-
body phenomenon. It demonstrates the signiane of
quantum statistis at low temperature. Idential bosons
an oupy the same single partile state and are in fat
more likely to do so than lassial partiles. At a ritial
temperature, a gas of bosons undergoes a phase transi-
tion towards a state in whih a marosopi fration of
the partiles oupy the lowest energy state, reating a
ondensate. Suh a state was realized in ultra-old atom
systems in [2℄, demonstrating that the tehnology of ool-
ing and manipulating atoms had reahed a level of ontrol
with whih novel states of matter ould be generated and
studied.
In the ase of a Fermi gas, the Pauli exlusion prin-
iple prevents suh a phenomenon to our, beause
no single partile state an be more than singly ou-
pied. However, the phenomenon of ondensation an
still our in Fermi systems via a dierent mehanism:
fermions an form pairs to reate omposite bosons. The
bosoni partiles then form a ondensate of pairs. Con-
ventional superondutors, for example, were understood
as a ondensate of eletron pairs [3℄. In ultra-old atoms,
fermioni ondensates of this type were reated in [4℄.
Interestingly, this mehanism of ondensation of pairs
is not limited to fermioni systems but an our in
bosoni systems as well. In fermioni systems, formation
of Bosoni pairs neessarily ours before ondensation.
In bosoni systems this mehanism an be favored ener-
getially, and will typially be in ompetition with single
partile ondensation.
In [5, 6℄, two types of omposite bosons were predited
for a binary Bose mixture in a optial lattie: pairs and
anti-pairs. For attrative mutual interations, a bosoni
mixture an form pairs of atoms whih then form a paired
superuid (PSF) state, as is visualized in Fig. 1. For
repulsive interations, at speial llings, the atoms an
form anti-pairs, whih an be interpreted as pairs of one
atom of one speies and one hole of the other speies.
These anti-pairs an then generate a ounterow super-
uid (CFSF) state, visualized in Fig. 2. Most of their
simulations were performed for two dimensional systems.
Quantum phases of atoms in optial latties have been
experimentally studied. Following the predition by
Jaksh et al. in [7℄, the Mott insulator (MI) to super-
uid (SF) transition was realized in Ref. [8℄ in a three
dimensional lattie. In [9℄ this transition was ahieved in
1D. More reently, Ref. [10℄ observed the two dimensional
(2D) transition.
In one-dimensional gases quantum phases have quasi-
long range order (QLRO), rather than true long range
order. QLRO of an operator O(x) is dened as follows:
The orrelation funtion R(x) = 〈O†(x)O(0)〉 falls o
algebraially as R(x) ∼ |x|α−2 as |x| → ∞ with α > 0.
Various order parametersO(x) will be dened in the text.
In ontrast in higher dimensional bosoni systems orre-
lation funtions an have true long range order, where
orrelation funtions approah a nite value. Power-law
saling in a 1D optial lattie has been observed in [11℄.
2Figure 1: Sketh of a ondensate of pairs. Atoms of eah
speies (red/green) pair together and form a paired superuid
(PSF) state.
Figure 2: Sketh of a ondensate of anti-pairs. Here, atoms
of one speies are strongly anti-orrelated with atoms of the
other speies, reating a ounterow superuid (CFSF) state.
These omposite bosons an also be thought of as a pair of
one atom of one speies and one hole of the other speies.
They observed the Tonks-Girardeau regime of strongly
interating bosons.
In this paper we onsider a two-omponent Bose mix-
ture held in an optial lattie that only allows atoms
to hop in one spatial dimension. We ask the question
of how the superuid as well as other phases or orders
an be realized. We assume that the two speies of
the mixture have the same lling ν, restrited to the
range 0 < ν ≤ 1. The phase diagram of these mix-
tures is determined using Tomonaga-Luttinger liquid the-
ory [13℄, whih gives the universal phase diagram in terms
of a few eetive parameters. Based on the univerisal
phase diagram, we generate the numerial phase dia-
gram using the time-evolving blok deimation (TEBD)
method [14, 16, 17, 18℄. With these two approahes we
nd that CFSF an exist for ν = 1/2 (half-lling) and
repulsive interation, whereas PSF an exist for ν < 1
and attrative interation (see also [19℄).
We also nd that harge density wave (CDW) quasi-
order an oexist with both PSF and CFSF, as well as
single partile superuidity (SF). The regimes in whih
CDW and SF quasi-order oexist onstitute a quasi-
supersolid phase [20, 21℄. Similarly, the regimes where
CDW and PSF quasi-order oexist is a quasi-supersolid
of pairs and in the ase of CFSF, a quasi-supersolid of
anti-pairs. Previous work has predited oexistene of
CDW and PSF for 1D Bose mixtures [20, 22℄ and bi-
layer 2D lattie bosons with long-range interations [23℄,
and that of CDW and CFSF for 1D Bose-Fermi mix-
tures [21, 24℄.
We then address the question whether PSF and CFSF
an be realized and deteted in experiment. To simulate
the eet of a global trap, we numerially study a mixture
onned by a harmoni trap and nd that PSF and CFSF
an indeed exist in suh trapped systems. Their existene
an be deteted through various measurements. The PSF
phase an be deteted by using a Feshbah ramp, simi-
lar to what has been used in BEC-BCS experiments [4℄,
whih generates a quasi-ondensate signal in the resulting
moleules. The CFSF phase an be deteted by applying
a pi/2 pulse followed by Bragg spetrosopy. This gen-
erates a quasi-ondensate signal in the struture fator.
Time-of-ight expansion an also be used to show the ab-
sene of single partile superuidity in PSF and CFSF.
Measuring the struture fator via Bragg spetrosopy
an be one way of deteting CDW order.
This paper is organized as follows: in Setion II, we in-
trodue the model that is used to desribe the system; in
Setion III, we use Tomonaga-Luttinger liquid theory to
derive the phase diagram. The numerial approah and
results are disussed in Setion IV. Speially, phase
diagrams of the homogeneous system are presented in
Setion IVA, and the realization and detetion of PSF
and CFSF are disussed in Setion IVB. We onlude in
Setion V.
II. HAMILTONIAN
Ultra-old bosoni atoms in optial latties an be well
desribed by Bose Hubbard models [7℄. Here, we on-
sider a mixture of two types of atoms onned to a one-
dimensional lattie system. The Hamiltonian of suh a
system is given by
H = −t
∑
a=1,2
N−1∑
i=1
(b†a,iba,i+1 + h.c.) + U12
N∑
i=1
n1,in2,i
+
U
2
∑
a=1,2
N∑
i=1
na,i(na,i − 1). (1)
We denote the dierent types of atoms with index a =
1, 2, and the lattie site with index i. We assume that the
two speies have equal partile density ν ≤ 1, the same
intra-speies interation U > 0 and hopping parameter
t > 0. The inter-speies interation is given by U12. The
operators b†a,i and ba,i are the reation and annihilation
operators for atoms of type a and site i and na,i = b
†
a,iba,i
are the number operators.
III. TOMONAGA-LUTTINGER LIQUID
APPROACH
The universal behavior of this system an be found
within a Tomonaga-Luttinger liquid desription [13℄. In
this paper, we are interested in the phase diagram of the
3system at various densities and interations. First, we
swith to a ontinuum desription, ba,i → ba(x), and ex-
press the operators ba(x) through a bosonization identity,
aording to Haldane [25, 26℄:
ba(x) = [n+Πa(x)]
1/2
∑
m
e2miΘa(x)eiφa(x), (2)
where the real-spae density of eah speies is n = ν/aL
and aL is the lattie onstant. The lattie sites are at
positions x = iaL. This expression is a phase-density
representation of the Bose operators, in whih the square
root of the density operator has been written in an in-
triate way. The elds Π1,2(x) desribe the small am-
plitude and the long wave length density utuations.
The elds Θ1,2(x) are given by Θ1,2(x) = pinx+ θ1,2(x),
where θ1,2(x) = pi
∫ x
dyΠ1,2(y). The elds φ1,2(x) de-
sribe the phase, and are onjugate to the density u-
tuations Π1,2(x).
The ontat interations between the densities in 1
written in Haldane's representation generate an in-
nite series of terms that ontain exp(2m1i(pinx + θ1) +
2m2i(pinx+ θ2)), where m1 and m2 are some integers. A
term of this form an only drive a phase transition, if the
osillatory part 2pim1nx+2pim2nx vanishes for all lattie
sites. This leads to the requirement m1ν +m2ν = m3,
with m3 another integer [22℄. As a further requirement,
small integersm1 andm2 are neessary, beause the sal-
ing dimension of the term sales quadratially in m1 and
m2.
For the range 0 < ν ≤ 1, we nd that there are three
dierent ases: unit-lling (ν = 1), half-lling (ν = 1/2),
and non-ommensurate lling (ν 6= 1 and ν 6= 1/2). It
an be heked, using renormalization group arguments
as below, that higher forms of ommensurability do not
generate new phases, but that either phase separation
or ollapse is reahed rst. Our numerial ndings are
onsistent with this.
Non-ommensurate lling. The ation of the sys-
tem, assuming a short-range spatial ut-o r0, at non-
ommensurate lling is given by [13, 20, 26℄:
S =
∫
d2r[
∑
j=1,2
1
2piK
(
(∂vτθj)
2
+ (∂xθj)
2
)
+
U12aL
pi2v~
∂xθ1∂xθ2 +
2gσ
(2pir0)2
cos(2θ1 − 2θ2)] (3)
The rst line of the ation is haraterized by a Luttinger
parameter K and a veloity v, ontained in r = (vτ, x).
This part of the ation, without the oupling between the
two elds θa(x), generates a linear dispersion ω = v|k|,
where . v should therefore be interpreted as the phonon
veloity. The Luttinger parameter K is a measure of the
intra-speies interation U . We will be interested in the
regime U & t, in whih we have approximately [27℄
K ≈ 1 + 8t
U
sinpiν
pi
. (4)
The veloity v an also be related to the parameters of
the underlying Hubbard model by
v ≈ vF (1− 8tν cospiν/U) (5)
where vF is the `Fermi veloity' of an idential system
of fermions, vF = 2(aLt/~) sinpiν, and kF is the 'Fermi
wave vetor', kF = pin. Here, ~ is the Plank onstant.
The two elds θa(x) are oupled by the inter-speies
interation. The interation term U12n1n2 in the under-
lying Hubbard model generates both the term ontaining
∂xθ1∂xθ2, as well as the baksattering term [13, 22℄ on-
taining cos(2θ1 − 2θ2). The ation S is only well-dened
with a short-range ut-o r0. It is proportional to 1/n.
At this sale, gσ is approximately given by
gσ = U12aL/(v~). (6)
We diagonalize the quadrati part of the ation by
swithing to the symmetri and antisymmetri ombi-
nations θS/A =
1√
2
(θ1 ± θ2). For the two setors we nd
KS/A = (1/K
2 ± U12aL/(v~piK))−1/2 (7)
as eetive Luttinger parameters. To lowest order in U12
this gives KS/A ≈ K ∓ U12aLK2/(2piv~). The eetive
veloities are vS/A = v
√
1± U12aLK/(piv~). Collapse
(phase separation) of the superuid phase is when vS/A
is imaginary. We note that KS diverges when ollapse
(CL) is approahed, and that KA diverges as the system
approahes phase separation (PS).
The anti-symmetri setor ontains the nonlinear
baksattering term cos(2
√
2θA). To study its eet, we
use an RG approah. We renormalize the short-range
ut-o r0 to a slightly larger value, and orret for it at
one-loop order. The resulting ow equations are given
by [13℄:
dgσ
dl
= (2− 2KA)gσ (8)
dKA
dl
= − g
2
σ
2pi2
K3A (9)
The ow parameter l is given by
l = loge
(
r′0
r0
)
, (10)
where r′0 is the new ut-o that has been reated in the
RG proess.
The ow equations 8 and 9 have two qualitatively dif-
ferent xed points: Either gσ diverges, whih in turn
renormalizes KA to zero, or gσ is renormalized to zero
for nite KA = K
∗
A. In the latter ase, the ation S is
quadrati in θS and θA. For the parameter KS , we use
the bare value given in Eq. 7.
As mentioned in the introdution, we an determine
the phase diagram by studying the long-range saling
behavior of orrelation funtions, 〈O†(x)O(y)〉, of var-
ious order parameters O(x). In partiular, the single-
partile superuid order parameter is OSF = ba(x) with
4U12
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Figure 3: Phase diagram of a bosoni mixture at non-unit and
non-half-lling. For attrative interations U12 andK < 2 the
system an form a paired superuid state, in the regime la-
beled PSF and PSF(CDW). This phase an oexist with CDW
order for weaker interations. For large repulsive (attrative)
interations U12 the system phase separates (PS) (ollapses
(CL)). For the remaining regime the system shows single par-
tile superuidity (SF). This an oexist with CDW order,
resulting in a quasi-supersolid (SS) regime.
a = 1, 2. The CDW order is related to the 2kF waveve-
tor omponent of the density operator, OCDW = na.
PSF is desribed by OPSF = b1(x)b2(x), and CFSF by
OCFSF = b
†
1(x)b2(x). In the homogeneous system, it
sues to study
G(x) = 〈b†a(x)ba(0)〉, a = 1, 2 (11)
Rn,a(x) = 〈na(x)na(0)〉, a = 1, 2 (12)
RS(x) = 〈b†1(x)b†2(x)b1(0)b2(0)〉 (13)
RA(x) = 〈b†1(x)b2(x)b1(0)b†2(0)〉. (14)
We nd that away from ollapse (CL) and phase sepa-
ration (PS), the orrelation funtions sale either alge-
braially or exponentially. For algebrai saling, we have
G(x) ∼ |x|αSF−2,
αSF = 2− 1/(4KS)− 1/(4KA) (15)
Rn,a(x) ∼ cos(2kFx)|x|αCDW−2,
αCDW = 2−KS −KA (16)
RS(x) ∼ |x|αPSF−2, αPSF = 2− 1/KS (17)
RA(x) ∼ |x|αCFSF−2, αCFSF = 2− 1/KA. (18)
where the saling exponents αO are determined by KS
and KA after the RG ow. For the ase that gσ diverges
in Eqs. 8 and 9 and KA is undened, these expressions
an still be used. We setKA to zero, and nd that αCDW
and αPSF are well dened. Hene Rn,a and RS still show
algebrai saling. On the other hand, αCFSF and αSF
beome −∞ and G and RA sale exponentially.
We an identify regimes where dierent saling expo-
nents are positive based on the relationship between the
saling exponents and KS/A after the ow. This de-
termines the dierent quasi-long range orders that are
present. The resulting phase diagram is shown in Fig. 3,
as a funtion K and U12aL/(v~), as appearing in the a-
tion in Eq. 3. These two parameters determine the initial
values of the ow equations through equations 7 and 6.
We an estimate the phase boundary between PSF and
SF. For small U12aL/(v~) this boundary is near the point
KA = 1 and gσ = 0. For that limit, Eq. (9) an be
linearized to
dKA
dl
= − g
2
σ
2pi2
(19)
and the expression A = pi2(1 − KA)2 − g2σ/4 beomes
an invariant of the ow. From the properties of the RG
ow of a Berezinskii-Kosterlitz-Thouless transition (see
e.g. [13, 29℄), the phase boundary is given by A = 0 and
gσ < 0. Using the expressions ofKA and v in terms of the
Hubbard parameters, we estimate the ritial interation
U12 for PSF to our at
U12
U
∣∣∣∣∣
c
= −32 t
2
U2
sin2(piν). (20)
The phase boundary between supersolid (SS) and SF has
been derived in Ref. [20℄.
Half-lling. In the ase of half-lling, another non-
linear term has to be introdued in the ation
Suk =
2guk
(2pir0)2
∫
d2r cos(2θ1 + 2θ2). (21)
This term desribes Umklapp sattering. At the initial
ut-o r0 ∼ 1/n, guk is approximately given by U12aL/v.
In addition to the RG ow in the antisymmetri setor
we now also have
dguk
dl
= (2− 2KS)guk (22)
dKS
dl
= − g
2
uk
2pi2
K3S (23)
in the symmetri setor. Proeeding along the same lines
as for the non-ommensurate ase, we nd the phase di-
agram shown in Fig. 4.
We estimate the SF-CFSF phase boundary in the same
way as the PSF-SF boundary. We nd
U12
U
∣∣∣∣∣
c
= 32
t2
U2
sin2(piν). (24)
Unit-lling. At unit-lling we have to introdue a term
of the form
S1 =
2g1
(2pir0)2
∫
d2r (cos(2θ1) + cos(2θ2)) . (25)
The resulting RG ow for this system is given by
dguk
dl
= (2− 2KS)guk + α3 g
2
1(KA −KS)
2pi
(26)
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Figure 4: Phase diagram of a bosoni mixture at half-lling.
In addition to the phases that appear in Fig. 3, the system
now develops a ounterow superuid (CFSF) phase, whih
an oexist with CDW order.
dgσ
dl
= (2 − 2KA)gσ + α3 g
2
1(KS −KA)
2pi
(27)
dg1
dl
= (2 − KS +KA
2
+ α3
gukKS + gσKA
pi
)g1(28)
dKA
dl
= − g
2
σ
2pi2
K3A −
g21
16pi2
(KS +KA)K
2
A (29)
dKS
dl
= − g
2
uk
2pi2
K3S −
g21
16pi2
(KS +KA)K
2
S (30)
where α3 is some non-universal parameter [28℄. The be-
havior of this set of equations depends strongly on the
initial value of g1. For small values of g1, four phases
an be stable: Single-partile superuidity, CFSF, PSF
and a Mott phase. For large values only single-partile
SF and MI are stable. We determine with our numerial
approah, that the Hubbard model falls into the seond
ategory, i.e. there is only a single-partile SF and a Mott
state at unit-lling.
Having established the universal behavior of the sys-
tem from Tomonaga-Luttinger liquid theory, we now
want to onnet the phase diagram with the parame-
ters in the Hubbard model. The expressions 4 and 5,
whih relate the Luttinger parameter K and the veloity
v to mirosopi parameters of the Hubbard model, are
only approximate, no full analyti expression is known.
In addition, only some phase boundaries are predited
reliably, beause we use perturbative RG in the gσ. We
expet that the analyti alulation only predits the gen-
eral struture of the phase diagram, as well as the de-
ay behavior of the orrelation funtions. To obtain the
phase diagram in terms of the parameters in the Hubbard
model, we need to use numerial methods. The next se-
tion desribes the numerial determination of the phase
diagram.
RS(x) RA(x) G(x)
MI Exp. Exp. Exp.
SF Alg. Alg. Alg.
CFSF Exp. Alg. Exp.
PSF Alg. Exp. Exp.
CL/PS RS(x), RA(x) undened
Table I: Denitions of Mott insulator (MI), superuid (SF),
ounterow superuid (CFSF) and paired superuid (PSF)
orders in terms of the long-range behavior of the orrelation
funtions RS(x), RA(x), and G(x) . Eah of these an ei-
ther show algebrai (Alg.) or exponential (Exp.) deay when
the system is away from ollapse (CL) or phase separation
(PS). From the Tomonaga-Luttinger liquid theory, RS(x) and
RA(x) approah a onstant (or KS/A diverges) when the sys-
tem approahes CL/PS regime. For the numerial alulation
in the CL/PS regimes, the behavior of the orrelation fun-
tions is inonlusive and we assign the phase from additional
observables as disussed in the text.
IV. NUMERICAL APPROACH
We use the time-evolving-blok-deimation (TEBD)
method [14℄ to study our disrete one-dimensional two-
speies Hubbard Hamiltonian. With this method, ex-
plained in Appendix A, we obtain an approximate ground
state solution. We onsider N lattie sites with hard-wall
boundary onditions and express the Hubbard parame-
ters in units of the intra-speies interation U . The num-
ber of sites N is equal to 80, unless otherwise noted. In
our numerial analysis, we limit the partile number on
eah site and eah speies to two for lling ν 6 0.8 and
four otherwise. One we obtain the ground state, we al-
ulate the energy, density distributions, orrelation fun-
tions, and the struture fator to identify the quasi-long
range order and other properties of the ground state.
For example, to determine whether a SF, PSF, or
CFSF is present, we study the deay behavior of the or-
relation funtions, G(x), RA(x), and RS(x), dened in
Eqs. 11, 14, and 13, respetively. If both RA and RS
deay algebraially, the system is in a single-partile su-
peruid (SF) state. If both are exponential, the system
is in a Mott insulator(MI) state. If RS or RA deays
algebraially, the system is in the PSF or CFSF state,
respetively. These relationships are summarized in Ta-
ble I.
In Fig. 5(a) and (b), we show the deay behavior of
the orrelation funtions in the PSF and CFSF phase,
respetively. As the Hamiltonian is disrete, the or-
relation funtions are alulated as disrete funtions:
G(i, j) = 〈b†a,iba,j〉, RS(i, j) = 〈b†1,ib†2,ib1,jb2,j〉, and
RA(i, j) = 〈b†1,ib2,ib1,jb†2,j〉. For the PSF phase, RA(i, j)
deays exponentially, while RS deays algebraially. It is
also worthwhile to notie that the single-partile Green's
funtion deays exponentially, implying the absene of
single-partile superuidity. For the CFSF phase, RA de-
ays algebraially while RS deays exponentially. Single-
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Figure 5: The orrelation funtions RA, RS , and G on a log-
arithmi sale as a funtion of distane |i − j|. The index i
is 40, the enter of the 80 lattie sites. The squares are the
numerial data. The blue lines are exponential ts to the data
and red dotted lines are algebrai ts. Note that the sale of
the vertial axis of the graphs diers by orders of magnitude.
In (a), we show an example for the paired superuid phase at
ν=0.3, t = 0.02U , and U12 = −0.16U . RA deays exponen-
tially and RS deays algebraially. The single-partile orre-
lation funtion deays exponentially, implying the absene of
single-partile superuidity. In (b), we show an example for
the ounterow superuid phase at ν = 0.5, t = 0.02U , and
U12 = 0.2U . The anti-pair orrelation funtion RA deays
algebraially, while the pair orrelation funtion deays expo-
nentially. Single-partile superuidity is again absent. The
algebrai ts deviate from the data around |i − j| ≈ 40, due
to the boundary onditions of our numerial alulations.
partile superuidity is again absent.
Behavior of KS and KA: We study the deay behav-
ior of RS and RA in more detail. Using the t funtion,
c · |i − j|α−2, where c and α are the tting parameters,
we obtain the power-law exponent α and, hene, the Lut-
tinger parameters KS and KA based on Eqs. 17 and 18.
In Fig. 6(a), we show these KS and KA as a funtion of
U12, for non-ommensurate lling. A Luttinger parame-
ter is formally set to zero when its orrelation funtion
deays exponentially.
For U12 < −0.06U , RA deays exponentially, while
for U12 > −0.06U , RA deays algebraially, and KA.
inreases as U12 inreases. The system undergoes a PSF
to SF transition at U12 = −0.06U . On the other hand,
KS dereases monotonially for U12 > −0.6U . For U12 <
−0.6U the numeris failed to onverge to a homogeneous
state. This indiates that the system ollapses, and we
therefore annot extrat a Luttinger liquid parameter.
We an observe harge density wave (CDW) order for a
range of U12/U in Fig. 6. Aording to Eq. 16, this order
exists when KS +KA < 2. In fat, it o-exists with the
SF, PSF or CFSF order. At half-lling, KS will go to
zero at a ritial, positive value of U12. This indiates
the transition from the SF to CFSF phase.
Finite-size eet: The behavior of KA/S stated above
is aeted by the size of the system. Finite size eets
an 'smooth out' a sudden hange in KA/S at the phase
transition. This eet an be estimated from the RG
ow alulation by integrating Eqs. 8 and 9 out to a -
nite value l rather than to innity. In Fig. 6(b), we show
an example of a nite-l RG alulation in the viinity of
the PSF-to-SF transition. We see that as l inreases, KA
dramatially hanges for the attrative U12. In the limit
of l→∞, KA beomes disontinuous and 'jumps' from 0
to 1 at U12 ≈ −0.01U . This is where the PSF-to-SF tran-
sition ours. This transition is a Berezinskii-Kosterlitz-
Thouless transition [13, 29℄. In order to ompare the RG
result with our TEBD result, we assoiate the system
size N with the ow parameter l, based on the relation
in Eq. 10. The ut-o r0 is the lattie onstant aL and
r′0 = NaL. For N = 80 we have l = 4.4 and we nd that
the RG and TEBD are in good agreement. The regime
between U12/U ≈ −0.06 and −0.01 is a ross-over regime
due to the nite size of the system.
Collapse and phase separation: For large |U12|, the
system approahes ollapse or phase separation. Aord-
ing to Tomonaga-Luttinger liquid theory, KS → ∞ as
the system approahes ollapse and KA →∞ as the sys-
tem approahes phase separation. As seen in Fig. 6, we
indeed nd suh a tendeny in our TEBD alulations.
For U12 > 0.8U (not shown), KA inreases rapidly to
values around 10, indiating a possible phase separation.
For U12 < −0.6U , due to the slow deay of the orre-
lation funtion RS and the nite-size of our system, we
are unable to extrat an aurate KS from the numerial
result. On the other hand, we observe a peaked density
distribution for U12 < −0.6U , indiating a ollapse. In
the phase separation regime, G(x) has algebrai deay
exept for ν = 0.5 or 1, where it has exponential de-
ay. An algebrai deay implies two spatially-separated
single-speies superuids while the exponential deay im-
plies two spatially-separated Mott insulators.[30℄.
A. Phase diagram
We study the phase diagram as a funtion of lling ν
and parameters of the Hubbard Hamiltonian. Assuming
a positive U , the system an be fully haraterized in
terms of ν, t/U , and U12/U . Our results are shown in
Fig. 7 for a xed hopping parameter and in Fig. 8 for half
lling.
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Figure 6: (a) KS and KA as a funtion of U12 as extrated
from the t of the orrelation funtions, RS and RA. The
lling ν is 0.7 and t/U is 0.02. Around U12/U ≈ −0.06, the
anti-pair orrelation funtion hanges from algebrai to ex-
ponential deay. This orresponds to the transition from the
PSF to SF phase. When RA deays exponentially, KA is for-
mally set to zero. For Ka + Ks . 2, the system has CDW
order. Error bars are one standard deviation unertainties
obtained from the power-law t to the numerial data. (b)
A omparison of KA obtained from our RG and TEBD al-
ulations. The red square onneted by lines are the TEBD
results while all other lines are determined from the RG ow
with ow parameter l = 3, 4, 7, and 10, where l is dened in
Eq. 10. The error bars are as in panel (a). The PSF-to-SF
transition obtained from TEBD is around U12/U ≈ −0.06,
while the RG alulation shows that for l = 10, the transition
ours near U12/U ≈ −0.01. We interpret the regime between
U12/U ≈ −0.06 and −0.01 the ross-over region.
1. Phase diagram at a xed hopping parameter
In Fig. 7 we show the phase diagram for lling fra-
tions between 0 and 1 and the interation U12/U between
-1.1 and 1.1. The symbols orrespond to numerial data
points at whih the phases have been haraterized. Dif-
ferent markers represent the dierent orders. The orders
are determined from the deay behavior of the three or-
relation funtions RA, RS , and G.
For weak attrative inter-speies interation, −0.06 <
U12/U < 0, the system is in a SF state. As U12 grows
more attrative, paired superuidity (PSF) ours. The
ritial U12 is largest, ∼ −0.08U , at half-lling and grad-
ually dereases away from half-lling. This phase bound-
ary diers from that predited by our RG alulation (Eq.
20), plotted as the dotted line in Fig. 7. This disrepany
is the result of the nite-size eet disussed in Fig. 6(b).
In the SF to PSF ross-over regime, harge density wave
(CDW) order an oexist. Aording to the phase dia-
gram Fig. 3, for attrative interation, CDW order an
o-exist only with PSF order. In our numerial work, we
observed the CDW order slightly outside the numerial
phase boundary of PSF but within the RG phase bound-
ary of PSF. The sub-regime where CDW and PSF o-
exist ends when U12/U . −0.4. When the inter-speies
attration is omparable to the intra-speies repulsion,
U12 . −U , the system ollapses (CL) and no long-range
order is present.
For repulsive inter-speies interation and U12 < U ,
the system is in a SF state for all non-ommensurate
llings. Within the SF regime, there is a smaller param-
eter region where CDW order oexist with the SF order.
This subregime is a quasi-supersolid regime. The bound-
ary between a normal superuid and a quasi-supersolid
is estimated by RG alulation in Ref. [20℄. At half-
lling, ounterow superuidity (CFSF) ours when
0.08 . U12/U . 1. Within the CFSF regime, the
CDW order an oexist, forming a quasi-supersolid of
anti-pairs. It also worthwhile to point out that at half-
lling, CDW order only exists within the PSF and CFSF
regimes.
At unit lling, our numerial results do not show ev-
idene of PSF or CFSF for any U12. We nd a Mott
insulator (MI) state for |U12| < U .
2. Phase diagram at half-lling
In Fig. 8, we show the phase diagram at half lling
as a funtion of U12/U and t/U . From this diagram,
we nd that the border between PSF and SF and the
border between PSF and CL approah eah other as t
inreases. Similarly, the border between the CFSF and
SF and the border between CFSF and PS approah eah
other. In fat, the PSF and CFSF phases end around
t ∼ 0.16U . Within the PSF and CFSF regimes, CDW
order an o-exist. In the phase separated regime, the
separated single-speies ensembles form two individual
Mott insulating states for t . 0.14U and two individual
SF states for t > 0.14U .
We an ompare this phase diagram with the half-
lling phase diagram in Fig. 4 obtained from Tomonaga-
Luttinger liquid theory. Espeially, we an ompare
the loation of the phase boundary between SF and
PSF(CFSF). To do so, we plot the RG phase bound-
aries, desribed by Eqs. 20 and 24, onto our phase dia-
gram. The area near the two boundaries is interpreted
as the ross-over regime where nite-size eets modify
the phase boundary.
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Figure 7: Phase diagram for a homogeneous system with 80 sites and the hopping parameter t = 0.02U as a funtion of lling
ν and inter-speies interation U12/U . The horizontal axis shows three disonneted regions in U12/U . The solid lines are the
estimated phase boundaries based on the TEBD results and the dotted line is the PSF-to-SF phase boundary predited by our
RG alulation (see Eq. 20). For attrative interation U12 . −0.06U , the system forms a paired-superuid (PSF). The state
ollapses(CL) for U12 . −0.7U . For U12 & −0.06 and U12 . U the system shows single-partile superuidity (SF). The system
phase-separates (PS) for U12 & 1 and forms two single-partile superuids (SF). Open irles are the points where KS+KA < 2
and harge density wave (CDW) order oexists with a superuid phase (SF,PSF, or CFSF). At half and unit lling there exist
speial phases. For repulsive interation U12 & 0.08U and half-lling, the system forms a ounterow superuid (CFSF). For
unit lling, we nd a Mott-Insulator (MI) phase for interations |U12| . U . Finally, in the PS region at half- and unit-lling,
the system forms two individual MI states.
B. Realization and detetion
Having established the phase diagram for the homo-
geneous system, we now disuss how to realize and de-
tet the PSF and CFSF phases. First, we need to
modify the Hubbard Hamiltonian in Eq. 1 beause in
any ultra-old atom experiment an additional trapping
potential is present. We add a harmoni potential,
Ω(j − jc)2(n1,j + n2,j), where j is the site index and
jc is the index at the enter of the system. The TEBD
method is used to nd the ground state. We onsider a
system of 80 lattie sites and adjust the total number of
partiles and the trap frequeny so that the number of
partiles is negligible at the edge of the lattie.
We again determine the orders of the system by study-
ing the orrelation funtions in Table I. We nd that, in
spite of the presene of the trap, the orrelation funtions
still show exponential or algebrai saling away from the
edge of the lattie. In fat, a orrelation funtion an
have dierent deay behavior in dierent parts of the
trap. We also nd that SF, PSF, and CFSF still exist.
The remainder of this artile fousses on experimental
signatures that distinguish between these orders by al-
ulating the density distibution, the time-of-ight image
after an expansion, or the struture fator for Bragg spe-
trosopy.
Density distribution: We nd that in a trapped system
PSF and CFSF an only exist when the density distri-
bution satises ertain onditions. For PSF, the density
of eah speies at the enter of the trap, ncenter, must
be less than one atom per site or equivalently per lattie
onstant aL. (The density is largest at the enter.) For
CFSF, ncenter must satisfy ncenteraL = 1/2. One suh
onditions are satised, the ritial value of U12 for PSF
and CFSF is lose to the one for a homogeneous system
(See Figs. 7 and 8).
In Fig. 9(a) we show density distributions for three at-
trative interations U12 and a hopping parameter equal
to the one used for Fig. 7. For all attrative intera-
tions, the density distributions of eah speies are the
same. For more attrative inter-speies interation, the
density distribution onentrates near the enter of the
trap. There is no disontinuous hange in the density
distribution when the system goes from SF to PSF.
In Fig. 9(b) we show the density distribution for U12 =
0.2U . In this ase in the enter of the trap, where the
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Figure 8: Phase diagram at half-lling as a funtion of U12/U and t/U . The solid lines are estimated phase boundaries from
the TEBD alulation and the dotted lines are the phase boundaries predited by the RG alulation (see Eqs. 20 and 24). For
large repulsive interation, the system phase separates (PS) and for large attrative interation, the system ollapses (CL). For
moderate interations and for t/U . 0.2, the system shows paired superuidity (PSF) on the attrative side and ounterow
superuidity on the repulsive side. Both PSF and CFSF an oexist with harge density wave (CDW) order when t . 0.1U .
density distribution is onstant or has a plateau, the
system is in a CFSF state. The plateau is at half-lling
onsistent with preditions from a loal density approx-
imation and noting that in Fig. 7 CFSF only ours at
ν = 1/2. Towards the edge, where the density is dereas-
ing sharply, it is in a SF state. The plateau implies that
the system is inompressible in the enter.
Time of ight measurement: A widely used measure-
ment tehnique in the eld of ultra-old atoms is mea-
suring the density of atoms after a time-of-ight (TOF)
expansion. The 1D optial lattie potential and the har-
moni trap are abruptly turned o at time T = 0 and
the atoms expand freely afterwards. We alulate the
density at time T , aording to
na(x, T ) = 〈c†a(x, T )ca(x, T )〉 (31)
with a = 1, 2. The operators ca(x, T ) are related to the
lattie operator ba,j aording to
ba(x, T ) =
N∑
j=1
w(x − rj , T )ba,j, (32)
where w(x, T ) =
√
d/
√
2pi∆(T )2 exp(−x2/(4∆(T )2)) de-
sribes the free expansion from the initial Gaussian wave-
funtion of an atom in a lattie site and ∆(T )2 =
d2 + iT~/(2m). The parameter d is the width of the
initial Gaussian state and m is the atomi mass. The
density distribution na(x, T ) is then given by
na(x, T ) =
N∑
j1,j2=1
w∗(x− rj1 , T )w(x− rj2 , T )G(j1, j2),
where G(j1, j2) is the single-partile Green's funtion. In
Fig. 10 we show examples of TOF expansions of PSF,
CFSF, and SF order. For the SF phase, we nd a strongly
peaked interferene pattern, reeting the single-partile
quasi-long range order. For both PSF and CFSF phases,
the TOF density shows a broad Lorentzian distribution,
whih is due to the exponential deay of the single-
partile Green's funtion.
Feshbah ramp: In order to detet the superuidity
of pairs, we onsider applying a Feshbah ramp to pair-
wise projet the atoms onto moleules formed by one
atom from eah speies, whih is similar to detetion
of fermioni pairs in the BCS regime [4℄. In those ex-
periments, a fast ramp aross a Feshbah resonane was
used, followed by a time-of-ight expansion. The den-
sity distribution of the moleules showed the superuid-
ity of fermioni pairs. We propose a similar detetion for
bosoni pairs in PSF.
To give a simple estimate of a TOF image after a Fesh-
bah ramp, we imagine that bosons of dierent speies on
the same lattie site are onverted into moleules. This
leads to the replaement b1,jb2,j →Mj , where Mj is the
moleule annihilation operator. A TOF density of the
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Figure 9: Density distribution of a trapped system for t =
0.02U . (a) Attrative interation U12. The trap frequeny is
Ω = 1×10−5U and the number of atoms is 20 for eah speies.
For attrative interations, the density distributions of the
two speies are idential. For U12 = −0.01U (urve I) the
system is superuid. For U12 = −0.11U (urve II) and U12 =
−0.21U (urve III), the system is in the paired superuid
(PSF) state. As U12 beomes more negative the distribution
gradually shrinks in size. (b) Repulsive interation U12 =
0.2U with Ω = 8× 10−5U and 30 atoms of eah speies. The
red and green urves orrespond to the speies, respetively.
The density distribution has a 'plateau' with half-lling in the
enter of the trap. The system is in a ounter-ow superuid
(CFSF) state. The two speies have weak interloked density
modulations around half lling.
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Figure 10: Density distribution after a time-of-ight expan-
sion. We assume
87
Rb atoms and use an expansion time of
0.03s. The hopping energy is t = 0.02U . Panel (a): For
attrative interation U12, we show the TOF expansion of a
SF state at U12 = −0.01U (red line) and of a PSF state at
U12 = −0.21U (green line). The two urves orrespond to
the expansion of the densities shown as urve I and III in
Fig. 9(a) The trap frequeny is Ω = 1 × 10−5U . Panel (b):
For repulsive interation, we show a TOF expansion of a SF
state at U12 = 0.01U and of a CFSF state at U12 = 0.21U .
The trap frequeny is Ω = 8× 10−5U .
moleules at position x and time T is given by
nM (x, T ) =
N∑
j1,j2=1
w∗(x− rj1 , T )w(x− rj2 , T )Rs(j1, j2).
(33)
In the expanding wave funtion w(x, T ), the mass m is
replaed by the mass of the moleule. We assume the
same initial width d. In a more realisti estimate, the
onversion eieny to moleules would not be 100%,
but approximately given by the square of the overlap of
the moleular wave funtion and the single-atom wave
funtions. This leads to a redued signal. The spatial
dependene, however, remains the same. In Fig. 11, we
see an example of the density of moleules after TOF
and, for omparison, the atomi density after TOF for the
PSF state. The strongly peaked moleular distribution
indiates the quasi-ondensate of the bosoni pairs. The
single-atom density is a broad Lorentzian distribution,
indiating the absene of single-partile SF.
Bragg spetrosopy: To detet the presene of CDW
order, one an use Brag spetrosopy [31, 32℄. The quan-
tity that is measured in those experiments is either the
dynami or stati struture fator. Here we alulate the
stati struture fator Sa(k) for speies a = 1, 2. It is
dened as
Sa(k) =
1
N
∑
j1,j2
e−ikaL(j1−j2)(〈na(j1)na(j2)〉
−〈na(j1)〉〈na(j2)〉) . (34)
For wavevetors k near twie the Fermi wavevetor
kF , the struture fator S(k) ∼ ||k| − 2kF |1−αCDW with
αCDW = 2 − KS − KA [13℄. In our system, KS + KA
is always larger than 1 and, thus, 1− αCDW is positive.
Consequently, the struture fator does not diverge. In
the CDW regime withKS+KA < 2 the power 1−αCDW ,
however, is less than one. This gives S(k) usps at ±2kF
when CDW quasi-long range order is present. In Fig. 12
we show examples of S(k) for a ase with and without
CDW.
Bragg Spetrosopy preeded by a pi/2 pulse: To de-
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Figure 11: Density distribution of moleules after time-of-
ight expansion of state III in Fig. 9(a). The expansion time
is 0.03s. We assume two hyperne states of
87Rb. These are
onverted into Feshbah moleules at T = 0 via a fast ramp
aross a resonane. We assume a omplete onversion. The
strongly peaked interferene pattern of moleules indiates
the presene of a quasi-ondensate of pairs. For omparison,
we also show the TOF expansion of atoms in the PSF phase
for the same parameters. The broad Lorentzian distribution
demonstrates the absene of single-partile SF.
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Figure 12: Struture fator at lling ν = 0.3. For U12 =
−0.01U the system is in the SF regime (dashed line) and for
U12 = −0.07U the system is in the PSF regime (ontinuous
line). Cusps at |k| = 2piν only our for U12 = −0.07U indi-
ating the oexistene of CDW with PSF order.
tet CFSF order, we propose the following detetion
method. It applies to the ase that the mixture is
omposed of atoms in dierent internal states rather
than dierent atomi speies. First, we apply a pi/2
pulse, whih transfers the atoms into the superposi-
tions b1/2,i → b±,i = (b1,i ± b2,i)/
√
2. We then mea-
sure the struture fator, whih now orresponds to the
Fourier transform of the density orrelations Rn±(i, j) =
〈n±,in±,j〉 − 〈n±,i〉〈n±,j〉. In terms of the original b1/2,i
operators these density orrelations are given by
Rn±(i, j) =
1
4
〈(n1,i + n2,i)(n1,j + n2,j)〉
−1
4
(〈n1,i〉+ 〈n2,i〉)(〈n1,j〉+ 〈n2,j〉)
+
1
2
〈b†1,ib2,ib†2,jb1,j〉 (35)
The last term in the above equation is the orrelation
funtion Ra(i, j) of the order parameter of CFSF, b1,jb
†
2,j.
In Fig. 13, we show the struture fator S+(k), the
Fourier transform of Eq. 35, as well as the Fourier trans-
form of Ra(i, j). Both S+(k) and the Fourier transform
of Ra(i, j) have a usp around k = 0. The usp is due to
the long-range orrelations of the anti-pairs in the CFSF.
The two funtions are nearly idential near k = 0, indi-
ating that the momentum distibution of anti-pairs an
be measured by determining the struture fator S+(k) .
V. SUMMARY
We have studied ground state properties of one-
dimensional Bose mixtures in an optial lattie using
both Tomonaga-Luttinger liquid theory and the time-
evolving blok deimation method. We rst disussed
the zero-temperature phase diagram in a homogeneous
system at dierent lling frations and dierent param-
eter regimes. We have shown that 1D Bose mixtures in
an optial lattie an have quasi-long range orders that
inlude superuid, paired superuid (PSF), ounterow
superuid (CFSF), and Mott insulator. We also found
that eah type of superuid order an oexist with harge
density wave (CDW) order and that in both PSF and
CFSF phases single partile superuidity (SF) is absent.
In addition, we disussed ways of realizing and de-
teting these phases experimentally. We propose using
a Feshbah ramp to probe the momentum distribution of
pairs in the PSF, whih shows signatures of the quasi-
ondensate of pairs. To detet the CFSF for a mixture
omposed of two atomi hyperne states, we propose to
measure the stati struture fator by using Bragg spe-
trosopy preeded by a pi/2 pulse. A sharp peak in the
struture fator was shown to be dominated by the on-
tribution from the momentum distribution of anti-pairs
in the CFSF phase. Finally, we suggest to detet CDW
order with Bragg spetrosopy.
This work was supported by NSF under Physis Fron-
tier Grant PHY-0822671. L.M. aknowledges support
from an NRC/NIST fellowship. I.D. aknowledges sup-
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Figure 13: Struture fator S+(k) (blue line) after applying a
pi/2 pulse in the CFSF phase. The quasi-ondensate of anti-
pairs generates an algebrai peak at k = 0. The usp also
appear in the Fourier transform of the anti-pair orrelation
funtion Ra(i, j) = 〈b
†
1,ib2,ib
†
2,jb1,j〉(red dashed line).
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Appendix A: TEBD METHOD FOR
TWO-SPECIES MANY-BODY SYSTEMS
In this appendix, we briey review the time-evolving
blok deimation (TEBD) method [14℄ used in Se. IV
and explain an eient way to apply the TEBD to a
two-speies Bose-Hubbard model. We use the number-
onserving version of the TEBD method [16℄.
The TEBD determines the ground state via an imag-
inary time evolution for one-dimensional (1D) quantum
lattie systems. In this method the Hilbert spae H is
deomposed as
H = ⊗Ml=1Hl. (A1)
Here, l refers to the lth lattie site, M is the number of
sites, and Hl is the loal Hilbert spae at site l with loal
dimension d, independent of l. Any state |Ψ〉 in H is
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represented as
|Ψ〉 =
d∑
j1,j2,...,jM=1
cj1,j2,...,jM |j1〉|j2〉 · · · |jM 〉. (A2)
In the TEBD algorithm, oeients cj1,j2,...,jM are de-
omposed as
cj1,j2,...,jM =
χ1∑
α1=1
χ2∑
α2=1
· · ·
χM−1∑
αM−1=1
Γ[1]j1α1 λ
[1]
α1Γ
[2]j2
α1α2λ
[2]
α2 · · ·
×λ[M−2]αM−2 Γ[M−1]jM−1αM−2αM−1λ[M−1]αM−1 Γ[M ]jMαM−1 . (A3)
The variables λ
[l]
αl and χl are the Shmidt oeients and
rank of the Shmidt deomposition of |Ψ〉 with respet to
the bipartite splitting of the system into [1, . . . , l − 1, l] :
[l + 1, l+ 2, . . . ,M ],
|Ψ〉 =
χl∑
αl=1
λ[l]αl |Φ[1,...,l−1,l]αl 〉|Φ[l+1,l+2,...,M ]αl 〉. (A4)
We take λ
[l]
α > λ
[l]
β for all α < β. In one dimension,
the rank χl at the enter of the system must be of the
order dM/2 in order to express arbitrary states. However,
sine it is empirially known that the Shmidt oeients
λ
[l]
α derease rapidly with index α for the ground and low-
lying exited states, we set χl to a relatively small number
χ for all l.
To eiently simulate the two-speies Bose-Hubbard
model (Eq. 1 in the main text), we map it onto the one-
speies Hamiltonian
H = −t
2N−2∑
l=1
(b†l bl+2 + h.c.) + U12
∑
odd l
nlnl+1
+
U
2
2N∑
l=1
nl(nl − 1), (A5)
where N is the number of sites in the original two-speies
Hamiltonian. In this one-speies Hamiltonian, there are
2N sites, eah of whih is indexed by l. The odd sites
l orrespond to speies 1 and the even sites to speies
2. Hopping between neighboring sites −t b†a,iba,i+1 in
Eq. 1 is mapped onto a next-nearest-neighbor hop-
ping −t b†l bl+2 in Eq. A5. Similarly, the inter-speies
onsite-interation U12n1,in2,i is mapped onto the nearest-
neighbor interation U12nlnl+1. This type of mapping
has been suessfully applied to treat the two-legged
Bose-Hubbard model [17℄.
We map the two-speies Bose-Hubbard Hamiltonian
Eq. 1 onto the one-speies Hamiltonian beause it redues
omputational ost dramatially. This ost in TEBD [14℄
sales asMd3χ3. For the two-speies system with N sites
we must dene a dimension of the loal Hilbert spae for
eah speies, say D. Hene, at eah site there are D2
basis funtions and the ost sales as ND6. On the other
hand, for the mapped Hamiltonian with 2N sites and a
loal dimension D the ost only sales as 2ND3. In our
alulation, we set d = 3 for the lling fator ν ≤ 0.8 and
d = 5 for ν = 0.9, 1. In this ase, the mapping makes the
omputation ve to ten times faster.
Imaginary time evolution of any state to the ground
state is given by repeated appliation of e−iHδ on |Ψ〉,
where δ is a small imaginary time step. To apply this
operator we rst split the Hamiltonian into three parts
as H = Hint +H
odd
hop +H
even
hop , where
Hint =
N∑
m=1
[U12n2m−1n2m + Un2m−1(n2m−1 − 1)
+Un2m(n2m − 1)] , (A6)
Hoddhop = −t
∑
oddm
(b†2m−1b2m+1 + b
†
2mb2m+2 + h.c.),
Hevenhop = −t
∑
evenm
(b†2m−1b2m+1 + b
†
2mb2m+2 + h.c.).
Subsequently, we use the seond-order Suzuki-Trotter ex-
pansion to deompose e−iHˆδ as
e−iHδ = e−iHintδ/2e−iH
odd
hop δ/2e−iH
even
hop δe−iH
odd
hop δ/2
×e−iHintδ/2 +O(δ3), (A7)
Eah of the operators e−iHintδ/2, e−iH
odd
hop δ/2
, and
e−iHˆ
even
hop δ
an be deomposed into a produt of two-site
operators, whih an be eiently applied to the ma-
trix produt state |Ψ〉 [14, 15, 18℄. We use swapping
tehniques to apply the next-nearest-neighbor operators
e−iH
odd
hop δ/2
and e−iHˆ
even
hop δ
[15, 18℄.
